Introduction
If a given submanifold Σ in a Riemannian manifold (N, g) is not minimal, "mean curvature flow" (MCF) provides a canonical way to deform it.
Ideally, the flow should exist until either a singularity develops, preventing further flow, or the submanifold becomes minimal. In this sense, MCF should be a useful tool in the search for minimal submanifolds.
A third, but exceptional, possibility that might occur is exemplified by the "translating solitons" in R n : submanifolds which, under MCF, simply flow by translation.
In reality, MCF is a difficult topic with many open questions, particularly in the higher-codimension case.
In general, the presence of symmetries in a problem reduces the number of variables, hopefully making things easier. For example, much work has gone into building examples of highly-symmetric minimal submanifolds. Recently, examples of minimal Lagrangian submanifolds have also been built this way, often with a preference towards symmetries generated by torus actions.
Regarding MCF, the "best" case is when Σ is the orbit of a group of isometries of (N, g). It is simple to show that, in this case, all Σ t obtained by MCF are also orbits, and MCF basically reduces to solving an ODE on the (finitedimensional) space of orbits.
Group actions have been extensively studied. In particular, orbits of a (compact, connected) Lie group G acting on a (compact, connected) manifold M can be classified into three categories: "principal", "exceptional" and "singular". This yields a simple and pretty picture of the geometry of the orbit space M/G.
The first goal of this paper is to fit MCF into this framework, analyzing "what happens" to a principal (or exceptional, or singular) orbit under MCF.
The final picture, presented in theorem 2, constitutes, for several reasons, a good "example zero" of MCF. It is simple; it generalizes the standard example of the "shrinking sphere" in R n ; it is codimension-independent; and especially, in the orbit setting, "everything we might want to be true for MCF, is true".
In section 4 we restrict our attention to Lagrangian orbits. Using moment maps to "get a grasp on them", we prove that the set L(M ; G) of points belonging to Lagrangian G-orbits constitutes a smooth submanifold in any compact Kaehler ambient space. When (N, g) is a Kaehler-Einstein manifold, it was already known that the Lagrangian condition is preserved under MCF; we give an independent proof of this in the orbit setting, and are then free to apply theorem 2 to study how Lagrangian orbits evolve under MCF. As a simple corollary, we find that "backwards MCF" always leads to a minimal Lagrangian orbit.
Futaki proved that compact positive KE manifolds come with a "canonical" moment map µ. In proposition 9 we show that µ is intimitely related to the mean curvature of Lagrangian orbits. We use this to investigate the connection between the existence of regular Lagrangian orbits and the geometry of the ambient space.
As a corollary, we find that minimal Lagrangian orbits are discrete. In some sense this is a rigidity result, showing the absence of equivariant deformations (wrt fixed G) .
As already noted, MCF of Lagrangian submanifolds is not a new subject; there is also some overlap, in the case of torus actions, with [G] . However, given the number of known KE manifolds with large isometry groups, there seems to be no a priori reason to limit oneself to tori. Our attempt is to develop a "complete" picture of the general G case, relying only on the basic tools provided by the general theory of G-actions, moment maps and transformation groups. In this sense, we are not aware of any serious overlap with existent literature.
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This condition is equivalent to saying that i is injective, ie that G is a subgroup of Dif f (M ). Notice that, since Ker(i) is normal in G, we may "reduce" any G-action to an effective G/Ker(i)-action.
The action is "free" if the following, stronger, condition is verified: if g satisfies g · p = p for some p ∈ M , then g = 1.
The action of G on M induces an action of G on T M . If X ∈ T p M , it is defined as follows:
where g * denotes the differential of the map
Some of the (sub)groups that arise in the following discussion happen not to be connected. In general, given a non-connected group H, H 0 will denote the connected component containing the identity element.
• For all p ∈ M , we define:
A generic orbit will often be denoted O. • Let g denote the Lie algebra of G: g := Lie (G) .
Recall that, through the exponential map, any X ∈ g corresponds to a 1-dim. subgroup exp(tX) in G, which also acts on M .
Thus X induces a vector fieldX on M defined as follows:
X is the "fundamental vector field" induced by X.
The main example to keep in mind will, for us, be the following: (M, g) is a compact Riemannian manifold (without boundary) and G is a closed, connected, subgroup of the group Isom g (M ) of isometries of (M, g).
Since Isom g (M ) is compact (cfr. [K] or [KN] ), G is also compact; the action is effective, but usually not free.
The following result shows that this example is actually quite general. Proof : For any fixed p ∈ M , the quotient G/G p is a smooth manifold and the map
is a smooth, injective, immersion. Since G/G p is compact, the map is proper and, thus, is an embedding.
In particular, notice that
Notice that the action of G on T M restricts to an action of G p on T p M , and that
This induces an action of G p on G × V , as follows:
The following result shows that G × Gp V contains complete information on the local geometry of the group action near O.
Given an invariant metric g on M (via proposition 1), the above theorem is basically a restatement of the classical Riemannian "normal neighborhood theorem" for compact submanifolds. The diffeomorphism is given by the exponential mapping (which is G-equivariant).
In some sense, theorem 1 shows that any G-action may be locally "linearized". Proof : Choose a type (K) and let O be any orbit of that type.
According to the previous theorem, locally
The generic orbit near O is given by
In other words, the stabilizer of [1, v] ∈ O v coincides with the stabilizer K v of v wrt the action of K on V . Thus the type of O v is (K v ) and it coincides with (K) 
0 . Orbits of type (K) near O thus correspond to the subbundle G × K V 0 and, as such, form a smooth submanifold near O.
Notice that different connected components of the submanifold corresponding to a given type may have different dimensions.
Corollary 2 There is only a finite number of orbit types.
Proof : let n:=dim M . If n = 0, the claim is oviously true. Assume it is true for all manifolds of dimension ≤ n − 1 with a G-action. Since M is compact, it is enough to prove that each "tube" G × K V contains only a finite number of orbit types.
Choose a K-invariant metric on V and let S(V ) be its unit sphere. Then G × K S(V ) is a manifold of dimension n − 1, so its G-action defines only a finite number of orbit types.
Notice that, since the action of K on V is linear, the stabilizer of v coincides with that of λ v (λ = 0). This proves that the number of types of G × K V is equal to that of G × K S(V ), plus at most one, corresponding to the type of v = 0. It is thus finite.
Corollary 3
There is an orbit type (P ) whose orbits occupy an open, dense, connected subset of M .
Proof : Let n:=dim M . If n = 0, M is one point so the claim is obviously true.
Assume it is true for all (connected) manifolds of dimension ≤ n − 1 with a G-action. As above, given a local linearization G × K V , choose a K-invariant metric on V and consider the manifold G × K S(V ).
If dim V > 1, S(V ) is connected so G × K S(V ) also is, and by the inductive hypothesis it has an orbit type (P ) satisfying the above requirements. Since the action on V is linear, the stabilizer of v ∈ S(V ) coincides with that of λ v (λ = 0). Thus (P ) has the required properties also wrt the manifold G × K V .
If dim V = 1, S(V ) is disconnected and there are two possibilities: either the bundle G × K S(V ) −→ G/K is not trivial, so G × K S(V ) is connected and (P ) exists (wrt both G× K S(V ) and G× K V ), as above; or G× K S(V ) is trivial, so it has two connected components. In this case the inductive hypothesis is not verified, but all orbits in G × K V are equal so (P ) exists anyway.
We have thus proved that (P ) exists locally; since M is connected and any such (P ) is clearly locally unique, it must be the same for each "tube" G × K V , and thus exists globally on M .
The types of the G-action can be partially ordered by the following relation: 1, v] ; as shown in the proof of corollary 1, the stabilizer of [1, v] is the stabilizer K v of v ∈ V wrt the K-action, so it's a subgroup of K. In other words, type(O ′ ) ≤ type(O). In particular, the type (P ) defined by corollary 3 must be an absolute minimum:
(P ) ≤ (K), for all types (K) It is also clear that dim O ′ ≥ dim O (the dimension of orbits is a lowersemicontinuous function on M ) and that orbits of type (P ) have maximum dimension among all orbits.
The final picture is thus as follows. Given M, G as above, there are three categories of orbits:
1. "Principal orbits", corresponding to the minimal type (P ).
They occupy an open, dense, connected subset of M .
2. "Exceptional orbits", corresponding to those types (K) : K/P is finite. Via the projection G × K V −→ G/K, any nearby principal orbit is a finite covering of the exceptional orbit G/K.
In particular, exceptional orbits and principal orbits have the same dimension.
3. "Singular orbits", corresponding to those types (K): dim K >dim P . Their dimension is strictly smaller than that of principal orbits. 
around the z-axis. Let C θ denote the circle obtained by the rotation with angle θ ∈ [0, 2π).
There are two natural S 1 -actions on T 2 : one is defined by rotating each C θ on itself, the other by the rotations around the z-axis. Notice that, wrt the natural metric on T 2 , the second action is by isometries, the first is not. In both cases, all orbits are principal.
Together, principal and exceptional orbits constitute the set of "regular orbits". Any regular orbit O = G · q, q ∈ M reg is the image of an immersion
We may set
Each of these subsets, generically denoted M * , is a smooth submanifold inside M and M * /G also has a smooth structure. Thus the set M/G, which is compact and Hausdorff wrt the quotient topology, has the structure of a "stratified smooth manifold", the smooth strata being the connected components of
An interesting application of all the above is the following, simple, fact.
Corollary 4 Assume G acts on M , with principal type (P ). Let P 0 denote the connected component of P containing {1}.
Thus, if the action is effective, P = {1}.
If
Thus, if the action is effective, P is finite.
In particular, assume a torus T acts effectively on M . Then (P ) = {1}.
Our last goal, in this section, is to "understand" convergence of orbits: this will be useful in what follows. Assume given a curve of principal orbits O t (corresponding to immersions φ t : G/P −→ M ) which, in the topology of M/G, converges to some limiting orbit O.
We must distinguish three cases.
Each orbit near O must also have type (P ); thus, wrt the local linearization
2. Assume O ≃ φ is exceptional. Then, near O, there are either exceptional or principal orbits and they are coverings of O. It is still true that φ t → φ smoothly, but the limit is not injective.
Assume O is singular, of type (K).
A linearization based at p ∈ O shows that, locally,
The corresponding Lie algebras k vt are thus points in the Grassmannian Gr(q, k) of q-planes in k := Lie(K).
By compactness of Gr(q, k), we may conclude the following: any sequence
Then T p O is generated by the fundamental vector fieldsỸ i and T [1,vn k 
In other words, convergence to a singular orbit is described, up to subsequences, by the vanishing of certain fundamental vector fields; which fields vanish depends on the particular subsequence.
MCF of orbits
Let us now fix a compact, connected, Riemannian manifold (M, g) and a compact, connected, Lie group of isometries, G ≤ Isom g (M ).
(P ) will denote the minimal type of the G-action, and p the corresponding Lie algebra.
Recall that, to any embedded submanifold Σ ⊆ M with induced metric g |Σ , we can associate a volumeṽ
In particular, this defines a functioñ
Although one can prove that this function is smooth on (M/ G) pr and on each connected component of (M/ G) ex , (M/G) sing , it is not even continuous on the whole M/G: since principal orbits are finite coverings of nearby exceptional orbits, these will be points of lower-semicontinuity of the above volume function.
A better definition of volume is thus the following.
Recall that, to any immersion φ : Σ ֒→ M , we may associate a volume
Since any regular orbit O corresponds to an immersion φ :
Notice that, if O is principal, then O ≃ G/P and thus vol(φ : G/P ֒→ M ) = vol(O), ie the two ways of calculating volume coincide.
If O is exceptional, of type (K) , then O ≃ G/K and φ : G/P ֒→ M is a covering map of some finite degree k. Thus vol(φ :
Relaxing our notation, we will often write vol(O) instead of vol(φ) and vol instead of π * vol. Hopefully, this will not generate any confusion.
Proposition 3
The volume function has the following properties:
It has a continuous extension to zero on
This defines a continuous function vol : M −→ R.
The function vol
Proof : For any regular orbit O = φ : G/P ֒→ M , φ * g defines a G-invariant metric on G/P . In other words, the induced action of G on T (G/P ) gives isometries between the spaces (
) is a Euclidean vector space with basis {v 1 , . . . , v n } and dual basis {v *
Let Z 1 , . . . , Z n be any basis of T [1] G/P , induced by the projection onto g/p of elements
Clearly, c = det g ij , where
This shows that vol is smooth on M reg . If O is singular, we saw in section 2 that, for any sequence O n ⊆ O t : O n → O, we may choose Z i so that, for some subsequence, certainZ i vanish. This shows that det g t ij → 0, so vol extends continuously to zero on M sing .
Since
The following result first appeared in [Hs] .
Corollary 5 Let G be any compact, connected Lie group acting by isometries on a compact, connected Riemannian manifold (M, g).
Then there exists a regular minimal orbit of the G-action.
Proof : Since M is compact, the continuous function vol : M −→ R has a maximum, which necessarily corresponds to a minimal (immersed) orbit.
Example 2 of section 2 shows that the minimal orbit might be exceptional; in particular, it might not be a maximum for the functionṽol.
Let us now recall the notion of "mean curvature flow". Fix manifolds Σ and (M, g), and an immersion φ : Σ −→ M . A smooth 1-parameter family of immersions φ t : Σ −→ M, t ∈ (−ǫ, ǫ), is called a "solution to the MCF of (Σ, φ)" if it satisfies the following equation
where H(φ t ) denotes the mean curvature of φ t . Regarding notation, we will use φ t and Σ t = φ t (Σ) interchangeably.
(MCF) is a II-order parabolic equation. Clearly, if H φ ≡ 0, then, ∀t ∈ (−∞, ∞),
is a solution to the MCF of φ. Notice also that, if φ t satisfies (MCF), then t → vol(φ t ) is a decreasing function of time.
The existence and behaviour of solutions to (MCF) is typically a difficult problem. If a solution, however, exists, it is known to be unique.
We now want to focus on solving (MCF) under the assumption that (Σ, φ) is an orbit of a group of isometries.
Consider the map H : p → H p , which associates to each p ∈ M the mean curvature H p of the orbit G · p.
We thus get a vector field on M . The following proposition examines its continuity/smoothness.
Proposition 4 Let H be defined as above. Then
H is smooth along each submanifold given by orbits of the same type.
It is also smooth on M reg .
H is G-invariant.
Proof : The smoothness of H along orbits of the same type is clear. Smoothness on M reg comes from the convergence properties of regular orbits: basically, H is a local object and does not notice the difference between principal and exceptional orbits.
(2) is a consequence of the fact that all ingredients in the definition of H are G-invariant.
In particular, H descends to a vector field on M/G and is smooth along each stratum.
Consider the following ODE on M/G:
, we can consider the following ODE on M : (1) and viceversa, so the two equations are equivalent.
Notice also that, given a solution p(t) of (2), the G-equivariant map
solves (MCF) with the initial condition (Σ, φ) = O. By uniqueness of solutions of (MCF), this shows that MCF of an orbit gives a curve of orbits.
In other words, we have proved that, if (Σ, φ) is an orbit, (MCF) is equivalent to the ODE on M/G (or on M ) determined by integrating H.
The reduction of the problem from a PDE to an ODE simplifies things enormously. For example, MCF of orbits has the following properties:
• There exists a (unique) solution O t defined on a maximal time interval (α, β): this comes from standard ODE theory.
• (MCF) may be inverted; ie, t → Q(t) := O(−t) solves the equation for "backward MCF":
This is true for any ODE of the typeẋ = f (x(t)), but is very atypical for parabolic problems.
Another interesting feature of (MCF) on orbits is that it preserves types:
Proposition 5 For each orbit O, H O is tangent to the submanifold determined by the type of O. In particular, if O t is the solution of (MCF) with initial condition
Proof : Let p ∈ M and let G·p have type (K) 
Recall that G × K V 0 corresponds to the orbits near G · p of type (K) . Thus H p is tangent to the set of such orbits.
Since this is true for each p ∈ M , (MCF) preserves types. Since H, X and the metric on M are G-invariant, (H, X) also is. Thus:
This proves that
In other words, H = −∇log(vol) on M reg .
Notice also that H = − We now have all the information we need to understand how MCF fits into the framework set up in section 2.
Let O = φ : G/P ֒→ M be a fixed principal orbit and let O t = φ t : G/P ֒→ M be the maximal curve obtained by MCF, with initial condition
In general, however, different sequences may have different limits, so we cannot hope that O t →Õ. The following example of this was suggested to the author by T. Ilmanen.
Example 4 : Consider an embedding s : R ֒→ {(x, y) ∈ R 2 : x 2 + y 2 > 1} that tends towards S 1 = {x 2 + y 2 = 1} ⊆ R 2 as t → ∞, spiralling around it. Let S denote its image and f : S → R 1 be a positive, decreasing function on S such that f (t) ց c > 0 as t → ∞.
S may be "fattened" by a tubular neighborhood U (of decreasing width, as t → ∞). At each point s ∈ S, f may be extended in the normal directions as a constant. This gives an extension of f : U −→ R such that ∇f |S is tangent to S.
A partition of unity argument now allows us to extend f to a smooth functioñ 
1 with s = s(t 0 ) ∈ S yields the curve of orbits {s(t)} × S 1 , t ∈ [t 0 , ∞). By construction, these orbits have no limit as t → ∞.
Notice that the curve-length function s(t) :
′ is, by definition, the maximal length of the curve p t (calculated wrt the starting point p), we see that 
If, on the other hand, O
+ is regular, we may apply the following lemma to N := M reg .
Lemma 1 Let H be a smooth vector field on a manifold N n . Let p(t) : t ∈ (α, β) −→ N be a maximal integral curve and assume that there exists q ∈ M such that p(t) → q, as t → β. Then β = ∞ and H(q) = 0.
Proof : If β < ∞, then the solution to the ODĖ
would provide an extension to p(t), contradicting the maximality of the time interval (α, β). Thus β = ∞. Now assume H(q) = 0. Let Σ n−1 ⊆ N be a (locally-defined) codimension-1 submanifold through q, such that H is not tangent to Σ. The flow φ H t of H determines a map
which is invertible at (q, 0). Thus φ is a local diffeomorphism and coordinates (x 1 , . . . , x n−1 ) on Σ determine coordinates (x 1 , . . . , x n−1 , t) on N such that H = ∂ t .
This shows that the flow of H passes through p in finite time, contradicting β = ∞. Thus it must be that β = ∞, H(q) = 0.
Finally, we are interested in conditions ensuring the existence of lim t→β O t .
The following lemma shows that, in the analytic context, things work nicely.
Lemma 2 Consider the ODĖ
with maximal solution x(t), t ∈ (α, β).
Assume that, for some subsequence t n → β, x(t n ) → y and that f is analytic in a neighborhood of y.
Then x(t) → y.
is monotone, it also gives a diffeomorphism between (α, β) and some (a, b), where b = f (y). In particular, s can be written as a function of f ∈ (a, b); ie, s = s(f ).
Since Notice that
|∇f | df . We may assume that f (y) = 0. When f is analytic near y, the "Lojasiewicz inequality" asserts that there exists a neighborhood U of y and δ > 1, c > 0 such that, on U , |f | ≤ c |∇f | δ .
If (M, g) is analytic and vol(O t ) ≥ c > 0, we may apply this lemma to f := log vol, proving that O + := lim t→β O(t) exists. Summarizing, we have proved the following result. 
Assume there exists
In this case, O + is minimal.
• O + is a singular orbit ⇔ β < ∞ ⇔ H(t) → ∞.
In this case, O + may be minimal or not.
Assume there exists O
− := lim t→α O t . Then O − is a minimal, regular, orbit, α = −∞ and H(t) → 0.
If (M, g) is analytic, then O
− always exists. In particular, "backwards MCF" always leads to a minimal, regular orbit.
+ also exists and is regular.
To get an analogous statement for flows of exceptional or singular orbits, it is sufficient to apply the theorem to the (smooth, compact) manifold M ′ defined as the closure in M of the set of orbits of the type in question: these orbits will be the principle orbits of the induced G-action on M ′ .
Remark: Using "equivariant Morse theory", it would be interesting to find cell decompositions of Riemannian G-manifolds, based on minimal orbits. In theory, theorem 2 would be useful in this.
Lagrangian orbits and moment maps
We now want to focus on Lagrangian orbits generated by isometry groups of compact Kaehler manifolds.
We start by recalling a few well-known facts concerning transformation groups of Riemannian and Kaehler manifolds. We refer to [K] for proofs and further details.
Lemma 3 Let (M, g) be a Riemannian manifold and let X be a vector field on
The following conditions are equivalent:
2. The local flow generated by X is a curve of isometries.
∀Y, Z vector fields on M ,
g(A X Y, Z) + g(Y, A X Z) = 0 where A X = L X − ∇ X , ie A X Y = −∇ Y X.
Definition 1 Let (M, g) be a Riemannian manifold. A vector field X on M is an "infinitesimal isometry" if it satisfies conditions (1)-(3) above. i(M ) will denote the space of all infinitesimal isometries.
i(M ) is a Lie subalgebra of the algebra of all vector fields on M . When (M, g) is complete, i(M ) is the Lie algebra of Isom g (M ).
Theorem 3 Let (M, g) be a compact Riemannian manifold and X a vector field. Let ξ := g(X, ·). Then X is an infinitesimal isometry iff
Lemma 4 Let (M, J) be a complex manifold and X be a (real) vector field on M .
2. The local flow generated by X is a curve of automorphisms of (M, J).
For all vector fields
5. ∂ζ = 0, where ζ := g(Z, ·). Notice that ζ is a 1-form of type (0, 1).
Definition 2 Let (M, J) be a complex manifold. A (real) vector field on M is an "infinitesimal automorphism" if it satisfies conditions (1)-(5) above.
h(M ) will denote the set of infinitesimal automorphisms.
It is a consequence of the lemma that h(M ) is closed wrt J. It is a complex Lie algebra.
When (M, J) is compact, h(M ) is the Lie algebra of the group Aut J (M ) of complex automorphisms of (M, J).
Theorem 4 Let (M, J, g) be a compact Kaehler manifold and X a vector field. Let ξ := g(X, ·).
Then X is an infinitesimal automorphism iff ∆ξ = 2 Ric(X, ·).
Corollary 7 Let (M, J, g, ω) be a compact Kaehler manifold. Then any infinitesimal isometry is an infinitesimal automorphism, so
Concerning the previous theorem, the following facts may also be of interest:
Lemma 5 Let (M, J, g) be a Kaehler manifold. For any (real) vector field X, set ξ := g(X, ·), Z := X −iJX and ζ := g(Z, ·). Then:
In particular, ∆ξ = 2 Ric(X, ·) ⇔ ∆ζ = 2 Ric(Z, ·).
Lemma 6 Let (M, J, g) be a Kaehler manifold. Assume vector fields X, JX satisfy the following conditions:
Then X, JX are parallel; ie, ∇X ≡ ∇JX ≡ 0.
The following proposition, although very simple, is the key to understanding Lagrangian orbits.
Proposition 6 Let (M 2n , J, g) be a compact Kaehler manifold and let G ≤ Isom g (M ) act on M with principal type (P ).
Assume there exists a regular Lagrangian G-orbit. Then P is finite, so dim G = n and
Notice that, if we think of this action as a map p ∈ P : g/p −→ g/p, it coincides with the differential of the map
In general, given a closed subgroup H ≤ G (G connected), consider the adjoint action of h ∈ H on G/H:
Let h : g/h −→ g/h be the corresponding differential maps. Together, these maps form a group homomorphism H −→ GL(g/h); the corresponding Lie algebra homomorphism is the map
Assume H acts trivially on g/h (ie, the action of each h ∈ H on g/h is the identity). Then the map h −→ gl(g/h) is trivial (ie, the action of each X ∈ h is the zero map), so h is an ideal of g. This implies that H 0 is normal in G. Applying this to H := P , we find that P 0 is normal. Corollary 4 of section 2 now proves that P is finite. Now assume O is an exceptional Lagrangian orbit of type (K) . Locally, M = G × K V and K acts as a finite group on V = g/k, so a nbd of 1 ∈ K acts trivially on g/k. This shows that K 0 acts trivially on g/k. As above, K 0 is normal. Since K 0 = P 0 , P 0 is also normal and we may conclude as above.
It is now convenient to introduce the concept of Hamiltonian group actions. Again, our exposition follows [Au] .
Let (M, ω) be a symplectic manifold.
Lemma 7 Let X, Y be locally Hamiltonian vector fields.
Then
Proof : Recall that L X , on tensor fields, commutes with contractions. Using this and the fact that
For example, assume G acts symplectically on M and X ∈ g. Then
so the induced fundamental vector fieldX is locally Hamiltonian.
For a general G-action on M , consider now the following two conditions:
1. ∀X ∈ g,X is Hamiltonian.
where < ·, · > denotes the natural pairing g * × g −→ R.
If (2) is verified, we will set, ∀X ∈ g,
By definition, µ X is then a Hamiltonian forX, so (2) implies (1). Viceversa, assume (1) . Let X 1 , . . . , X n be a basis of g, so that g * ≃ (R n ) * , and let µ i be Hamiltonians for X i . Then, up to the standard identification R n ≃ (R n ) * , the map
satisfies (2). This shows that the two conditions (1), (2) above are equivalent.
Remarks:
Thus, (1) or (2) imply that the G-action is symplectic. (1) and (2) are verified by any symplectic G-action.
3. To verify (1) or (2), it is enough to show that some basis X 1 , . . . , X n of g is Hamiltonian. Any choice of Hamiltonian functions for X i will then, by linearity, define a map µ as in (1).
Since, however, a Hamiltonian function is unique only up to a constant, the map µ is unique up to elements φ : g −→ R, ie up to φ ∈ g * .
4. Assume (M, ω) is compact and G satisfies (1), (2). Then each µ X has at least two critical points, so eachX has at least two zeroes.
This shows, for example, that any S 1 -action on a compact (M, ω) satisfying conditions (1), (2) has at least two fixed points.
5. Assume (M, J, g, ω) is a compact Kaehler manifold and that, for some
This shows that ∇µ X = JX, so ∇µ X is an infinitesimal automorphism of (M, J).
Recall that any Lie group G acts on itself via the "adjoint action": g · h := g h g −1 . This induces an "adjoint action" of G on g, as follows:
If X ∈ g, the fundamental vector fieldX g induced on g in the point Y ∈ g is X g (Y ) = [X, Y ]. Now recall that, if G acts on any vector space V , there is an induced action of G on V * , defined by: g · φ := φ • g −1 . In particular, setting V := g, we get the "coadjoint action" of G on g * . If X ∈ g, the fundamental vector fieldX g * induced on g
Definition 4 The action of G on M is "Hamiltonian" if there exists a map µ : M −→ g * satisfying condition (2) above and which is G-equivariant wrt the G-action on M and the coadjoint action on g * . We say that µ is a "moment map" for the action.
Remarks:
1. Let M, N be manifolds with a G-action. For X ∈ g, we will denote the fundamental vector fields on M, N byX M ,X N .
Notice that
On the other hand,
We can rephrase this as follows.
Recall that ω induces a Lie algebra structure on C ∞ (M ) as follows:
Thus, µ is G-equivariant iff the map
2. Assume that, ∀X ∈ g,X is Hamiltonian. Let X 1 , . . . , X n be a basis of g and let µ i be the corresponding Hamiltonians.
Remark (1) above shows that, for the µ i to define a moment map, they need satisfy a "compatibility condition" wrt Lie brackets.
If G is abelian, the coadjoint action is trivial, so this extra condition is empty. In particular, any symplectic torus action on a simply-connected symplectic manifold is Hamiltonian.
, ie G is semisimple, then any symplectic G-action is Hamiltonian.
To prove this, notice that any X ∈ g can be written where g x = Lie(G x ).
In particular, d µ[x] is surjective iff G x is discrete. We are mainly interested in moment maps for the following reason.
Proposition 7 Assume the action of G on (M, ω) is Hamiltonian, with moment map µ. Let p ∈ M . Then the following conditions are equivalent:
1. µ is constant on the orbit O = G · p.
2.
O is isotropic (ie, ω |O ≡ 0).
Proof : To prove that (1) and (2) are equivalent, recall that T gp O is spanned by fundamental vector fields. Thus:
We now want to prove that (1), (3) are equivalent.
By equivariance, µ(g · p) = g · µ(p). Thus µ is constant on G · p iff µ(p) has stabilizer G.
In general, let φ ∈ g * have stabilizer G φ . Then, using notation introduced in the remarks above,
We now have all the elements necessary to prove the following Proof : If there exists a regular Lagrangian orbit, then, by proposition 6, P is finite and dim G=n. Thus every regular isotropic orbit has dimension n and is Lagrangian.
The above proposition now shows that, if we let µ reg denote the restriction of µ to M reg , then L(M ; G) = µ 2. When M is Ricci-flat, theorem 6 and example 8 show that the analogous statement is trivially true.
Our final goal is to explore the relationship between MCF and the canonical moment map. , T p O ⊥ is generated by ∇µ X , X ∈ g. To prove (1) , let e 1 , . . . , e n ∈ g ≃ T p O be a orthonormal basis wrt the induced metric. To simplify the notation, we will denote the corresponding fundamental vector fields also by e i . Then H O · ∇µ X = (∇ ⊥ ej e j , ∇µ X ) = (∇ ej e j , ∇µ X ) = −(e j , ∇ ej ∇µ X )
We saw that ∇µ X is an infinitesimal automorphism of M . Thus The definition of the canonical moment map now shows that 2H O · ∇µ X = −(e j , ∇ ej ∇µ X ) − (Je j , J(∇ ej ∇µ X )) = −(e j , ∇ ej ∇µ X ) − (Je j , ∇ Jej ∇µ X ) = −div M (∇µ X ) = ∆ M µ X = 2c µ X This proves (1) . Now choose λ j ∈ C ∞ (O) : H O = λ j ∇µ j . Actually, by Ginvariance, each λ j is constant: λ j ∈ R.
Then, ∀i = 1, . . . , n,
Multiplying by g ik and summing wrt i, we find
This proves (2) .
